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 .1.2.2 
 APAverage product

AP
 APTP

APL:

APL Q/L = ƒ (L, K, S)/ L . (2) 

 APK

APS . 

MP :Marginal productMP

2007215
1

MPL= డ୕

డ
 ………  (3)

MPK= డ୕

డ
…... 69…. (4) 

MPS= డ୕

డௌ
…… .. (5) 

 Cd Cross derivative

  
2003171 

డ(ெ)

డ
 = డଶொ 

డ డ
, డ(ெ)

డ
 = డଶொ 

డ డ
.  (6) 

   ( Partial Elasticity of 

production)

 
(MP)(AP)

Debertin, 2012, pp.33-35
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=  
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ୢொ

ୢ
÷ೂ

಼
  =

ୢொ

ୢ
.



ொ
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ெ


 . … (8) 

EPS = 
ୢொ

ୢௌ
÷ೂ

ೄ
  =

ୢொ

ୢௌ
.

ௌ

ொ
=  

ெௌ

ௌ
 (9) 

 

)TE(  

1

(ET)= EPL + EPK + EPS .. (10) 

MRTSMarginal Rate 

of Technical Substitution

isoquant
1
(MRSTLK)(Webster,2003, 228)

ୢ

ୢ
=




=- 

ப/ப

ப/ப
≡ −




= - MRST LK  Slope 

of isoquant     …… (11) 

 LKMRST-K
L

K
Isoquant

ESElasticity of Substitution :

Isoquant

MRTS
3Varian, 1992, P.1

HicksES
1932

AllenHicks1934
Allen1938Uzawa1962

(He& Sharma, 1994, p.2)
111

ES

(Nicholson, 2000, p.272)
ௗ(ெ்ோௌಽ ೝ ಼)
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1)

Johann Heinrich
1894

Burkett,2006,p.44
Q = boLb1Kb2Sb3................. (13) 

Q K,LS
1b2,b1b3

 
Knut Wicksell1851

1926Charles 
CobbPaul Douglas1928

1899 1922

(Schotter,2009,p.200)
Q= boLb1Kb2.............. (14) 

bob1b2

1999
87

-  

14
b2+b1

(Dowling,2001,pp.136-137) 

if: b2+b1=1     Constant return to scale     

if: b2+b1 > 1 Decreasing return to scale     
if: b2+b1 < 1 Increasing return to scale     

MPL MPK
2009253 

Debertin, 2012, p.172
14: 

Log Q = Log bo + b1 Log L + b2 Log K……  (15)
-  MP

AP

2009541
 

MPL= డொ

డ
= b1

ொ


= b1 (APL) > 0 …. (16) 

(16)

LAPLMP

1b 

APL= ଵ

 ୠଵ
MPL  (17) 

Odhiambo,etal.,2004, p2620066
-  Expansion Path 
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2006, pp.45-50)
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÷
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19992627
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Cobb – Douglas type

1995651664

 .3.2.2

Rasmussen,2011,P.261

π =TR –TC ... (19) 
TR= P (Q) (20)

πTR TCP Q

CDeltas, 2007, 
2 

C = W1L  W2K+W3S+b  (21)

W3,W2,W1)b

1
19

π = P. ƒ(L, K, S)  –W1L  W2K - W3S   b .... (22)

 

2003259
பஈ

ப
= P * ப୕

ப
 – W1=0 

பஈ

ப
= P * ப୕

ப
 – W2=0 0  (23)

பஈ

பୗ
= P * ப୕

பୗ
 – W3=0   

2324

P MPL=W1 
P MPK=W2 .  (24) 
P MPS=W3 

K Rasmussen, 
2011, P.41

 

ଵ
=

 

ଶ
=

 ୗ

ଷ
= 1 .  (25) 

Rasmussen,2001, 
193)

Hessian Determinant
Dowling,2001, 258-259) 

H│=  
𝑓11 𝑓12 𝑓13
𝑓21 𝑓22 𝑓23
𝑓31 𝑓32 𝑓33

│  ............................( 26) 



612308323-2018 

 

 313

 
f11= ∂2Π/∂L2            f12=∂2Π/∂LK f13=∂2Π/∂LS 
f21=∂2Π/∂LK           f22=∂2Π/∂K2           f23=∂2Π/ ∂KS.…… …. (27) 
f31= ∂2Π/ ∂SL   f 32=∂2Π/∂SK           f33=∂2Π/∂S2 

principal minors

│H1│< 0       ,       │H2│ > 0           ,           │H3│  <  0  …………. (28) 

│H1│ = 𝒇11, │H2│ =  
𝑓11 𝑓12
𝑓21 𝑓22

  ,   │H3│= │H│… …. (29)    

L
K

S

.3

1991
23

:

1

Q=bo Lb1 Kb2S b3eu...………. (30) 

Ln Q = Lnb0 + b1 Ln L+ b2LnK+ b3LnS+u ..  (31) 

O,b1,b2b 3b
Q 
L 

.

K  
 S 

Ui 

Seddighi & Others,2000, p.15

31

OLS
SPSS Version 19 
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199990
(  

t:
Hansen,2011,p.147

F

2006189
R-2

2002
78143

(Xi)
 . (X’s) 

Maddala, 2001, pp.46-49
r2QXi.otherx’s = t*bÎ2/t*bÎ2+d.f  (32)

2=t*bÎt

d.fn-k.n
k

 
 

(X’s )Xi

OLS

 
Multicollinearity

OLS
 rxi xj ≠1.

VIF)Variance Inflation 
FactorGujarati,2004,p343-348

VIF= ଵ

(ଵିோଶ)
.  (33) 

Ri2
i

VIF)10

Anderson,2007, pp.120-124
Studentment, 2006, pp.245-273

.(Dougherty, 
2007, p121)

 .2.3Heteroscedasticity 
OLS

Ui
Ui

Ui
2002

202
Var. (Ui) =E (Ui2)- [E (Ui)] 2= E (Ui)2) =ϭ2ui (Constant) 

Parkی

2002
208213 

Ln (ei2) = bo+ b1Ln (Xi) +zi .  (34)
)2Ln (ei 

Ln (Xi) 
Zi
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(34) 
b1t

Autocorrelation  
ui

OLS
Durbin-Watson

  (Andren,2007,pp.110-112 

 .3.3: 

  
30

 
Q=bo Lb1 Kb2Sb3 .  (35) 

35

APL = b0Lb1-1Kb2Sb3= ொ


...  (36) 

APk = b0Lb1Kb2-1Sb3= ொ


.....  (37) 

APs = b0Lb1Kb2Sb3-1= ொ
௦

.......  (38) 
35

MPL= 
ϭொ

ϭ
 =b1b0Lb1-1Kb2Sb3=b1

୕


......... (39) 

MPK= 
ϭொ

ϭ
 =b2b0Lb1Kb2-1Sb3= b2

ொ


......... (40) 

MPS= 
ϭொ

ϭௌ
 =b3b0Lb1Kb2Sb3-1=b.....3

ொ

ௌ
....... (41) 

MRTS
 

MRTSLforK.S = ୠଵୠ ୠଵିଵ ୠଶ

ୠଶୠ ୠଵ ୠଶିଵ
 =ଵ

ଶ




 . (42) 

MRTSKforS.L = ୠଶୠ ୠଶିଵ ୗୠଷ

ୠଷୠ ୠଶ ୗୠଷିଵ
 =ଶ

ଷ



ୗ
  .. (43) 

MRTSLforS.K = ୠଵୠ ୠଵିଵ ୗୠଷ

ୠଷୠ ୠ  ୗୠଷିଵ
 =ଵ

ଷ



ୗ
 … . (44) 

 
35

ESLfork=  

ౚ(ే/ై)

(ే/ై)
ౚ(ౌై/ ౌే)

(ౌై/ౌే)

 =

 

ౚ(ే/ై)

(ే/ై)

 ౚ( ౘభఽ ైౘభషభేౘమ / ౘమ ౘబ ైౘభేౘమషభ ) 

( ౘభఽ ైౘభషభేౘమ / ౘమ ౘ ైౘభేౘమషభ )

 

=  
ୢ(/)

(/)
∗

ౘభ

ౘమ
 (

ే

ై
)   

ౘభ

ౘమ
 ୢ(

ే

ై
)    

= 1 ………… (45) 

1

35
Debertin, 2012, p.190

36
39ொ


LAP୕


1bLMP

LEP 


 

3639

EPL=b1
୕


÷

୕


= b1

୕


∗



୕
= b1  (46) 

= b3SEP 

2  =bKEP 
T(EP(ی

EPT = EPL+ EPK + EPS= b1+ b2+ b3  (47)  

23  29

.4

.1.4

i

   Log Q= -2.746 +0.11 Log L+0.71Log K + 0.33Log S 
t* (ii)   (2.043) (11.085) (5.775)
VIF)iii ) (3.998) (6.331) (6.008)  
R2= 0.971, R-2= 0.943, F  666 017 W. D= 1.972

anti-log

0.33S 0.71K  0.11Q= 0.0018 L
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 .1.1.4: 

0b

19983041

Martin and Mitra,1999Pfieffer,2003

1, b2, b3b
Q

LKS
1Q0 11

0 710 33

1 15%
Increasing Return to Scale

1
1 15

2299
2011

APMP MP
AP

TEP

9 661 7
28 7

Heady and Dillon , 

1961 , P 118

 .2.4:
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5
1

t)iv(

 
F

F
0176661v(

2-R94.3
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3 45422

 .3.4 
 .1.3.4VIF)

3.9986.33110

Anderson, 2007, 
pp.120-124

 Park

1)tvi

Gujaratti,2011,p82+97

Maddala 2001, pp 209

White
Heteroscedasticity – Corrected 

Standard Errors (HC) 

Eviews 7
Quantitative Microsoft, 2010, 32-34

Brooks, 2005, 32-34Gujaratti,2003:439-
40

Gujarati, 2003, p.421

Log
Ln 

 .4.3.2(Durbin-Watson)

D. W1.972du4-du
vii(n=124

(K=3)1

.5

viiiAPMP

1,b 2b 3b1
APMP

MPAP
AP

APMP
 

 0.00466 =89 0.-= 4.57 (2296)0.89-= 4.57L డொ

డ
MPL= 

 𝑀𝑃𝐿

0.00466

 

APL= 41.51L-0.89= 41.51(2296)-0.89   = 0.042 
0.042

AP
MP

MPK=
డொ

డ
 = 0.039 K-0.29 = 0.039 (37859)-0.29 = 0.00183 

APK = 0.055K-0.29 = 0.055 (37859)-0.29 = 0.00257 

MPS=
డொ

డௌ
 = 2.48 S-0.67= 2.48 (2348)-0.67= 0.0137 

APS =7.51 S-0.67= 7.51 (2348)-0.67 =0.0414 
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2
3

13 741 4

1

AP MPEP 

L 41 51 L-0.894 57 L-0.890.11

K  0 055K-0.290 039 K-0.290.71

S 7 51 S-0.672 48 S-0.670.33

1.15

AP MP

.1.5MRTS: 

2003146

K for L.SMRTS

L for MRTS

K.S

MRTSK for L.S =
ୢ

ୢ
= 

ି


= -0.055K-0.29/41.51L-

0.89=-0.00132K-0.29/L-0.89 

MRTSL for K.S =
ୢ

ୢ
=

ି


= -41.51L-0.89/0.055K-

0.29=-755L-0.89/K-0.29 

MRTSK for S.L =
ୢୗ

ୢ
=

ି

ୗ
=-0.055K-0.29/7.51-

0.67=-0.00732K-0.29/S-0.67 

MRTSS for K.L =
ୢ

ୢୗ
=

ିୗ


= -7.51-0.67/0.055K-

0.29=-13.65S-0.67/K-0.29 

MRTSS for L.K =
ୢ

ୢୗ
=

ିୗ


= -7.51-0.67/41.51L-

0.89=-0.181S-0.77/L-0.89 

MRTSL for S.K =
ୢୗ

ୢ
=

ି

ୗ
= -41.51L-0.89/7.51S-

0.67=-5.527.74L-0.89/S-0.67 

MRTS

200881 

 .1.1.5ES 
(Elasticity of Substitution)

ES1

18
1

Elasticity of Substitution = 1
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 .2.5

π =TR –TC 
TR= P (Q)  
Since Q= (L, K, S) Therefore TR= P. 𝒇 (L, K, S) 
TC = W1 L+W2K+W3S+b 
π =P. (L, K, S) -(W1 L+ W2K+W3S+b) 

 Q
: P

585

1: W 321
 

2W

2010120 120
K1000

3W
0 157

b3287
 

π = 585 (0 0018 L0.11K0.71S0.33) – 1 32L – 012K – 0.157S -3287 

பπ

ப
= 0.116L -0.89 K 0.71S0.33 – 1 32=0 

பπ

ப
= 0.748L 0.11 K -0.29S0.33 – 012=0

பπ

பୗ
= 0.348 L 0.11 K 0.71S-0.67- 0.157=0 

s Rule)’Cramer

133930092
2899

83 457
3970239 7

1098-10

Heady,1961, p.118 .

26 
│H │=   

−0.00267 0.0000948 0.000457
0.00001147 −O. 00000172 0.000203

0.000152 0.000438 −0.000407
- 0.000,000,000,04709<0

│H│>0

2010149150

│ H1│=│𝒇11│= − 0.00267  < 0 

│H2│  =
  𝑓11 𝑓12
 𝑓21 𝑓22

   =

  
−0.00267   0.0000948
0.0000189 −O. 00000172

  = 

0.0000000252 > 0
│ H3│

 H3│=│H │=-
0.000000000004709 < 

0                                                            │ 
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t  (0.55) * (5.4) * (32.6) * 
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%9
9

512
3

2.1
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Q= 12.773 -0.001L +0.03K- 0.1E-6L2-0. 000005K2+0.00007LK 
t* (-0.209) * (18.281) * ( -0.124) * ( -3.156) * (1.08) * 

vif (31) (19) (472) (425) (1367)

%9
6

6312.2

Log Q =1.36 +0.00000164L+0.00000054K + 0.471S 
t  (0.97) * ( -4.8) * (9.5) * 

vif (6.3) (11.5) (10.3)

%7
2

1071.5

ی

Q = -1235 + 56LogL +268LogK + 5.7LogS 
t * (1.2) * (3.9) * (0.09) * 

vif (4.5) (12.6) (12.3) 

%6
9 

92 1.7 

Q= 51.5 +0.032L +0.001K+0.01S-1.84L0.5+0.98K0.5 +0.012S0.5-0.006L0.5K0.5-
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vif (438) (289) (178) (62.16) (37) (23) (10.4) (22) (21)
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4652.1

Log Q= -2.746 +0.11 Log L+0.71Log K + 0.33Log S 
t* (2.043) (11.085) (5.775) 
VIF (3.998) (6.331) (6.008)
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666 
1.9
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2 Park
(   L 

Ln ei2= -0.008+0.003 Ln L  (t) (0.686) 
(  K 

Ln ei2= -0.058+0.007 Ln K  (t) (1.7) 
(  S

Ln ei2= -0.031+0.006 Ln S  (t) (1.89) 
t 

2010ی .1
2.  

3. t*
4. VIF

5.  t, 0.05 ,120 = 1.98

6. t, 0.01, 120= 2.617 
7. F, 0.01, 120,3= 3.95

a. 2  
8. du11.63 ,124=N, 1.5 ≈ dL3=K 

9. 229637859
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Estimation and Analysis of The Cucumber Production Function in Greenhouse in Erbil 
Governorate During 2010 

Abstract: 
Vegetable crops, including cucumber, contribute to secure an important part of human food needs, as well as contribute 
to local  investment, employment and generate income, consequently, in agricultural growth. Moreover, estimating 
cucumber production function provides producers by quantitative indicators which assist them in making sound 
production decisions and increase their profits, thus motivating them to continue in the production process, as well as 
enhancing it. The problem lies in the lack of domestic supply to meet the growing demand due to seasonal production, 
while demand for the crop throughout the year. Moreover, inefficient use of inputs, especially for greenhouse, reduces 
producer’s profits, thus reducing the motivations to continue in the production process. The study aimed at deriving 
some economic indicators that derived from estimated production function of cucumber, by using (OLS) method, in 
order to determine optimal level of inputs. To achieve this goal the data has been collected via questionnaire from 124 
greenhouses of cucumber farms in Erbil governorate in year 2010, which constitute %47.5 of these farms.  The results 
showed that output elasticity of labor, capital and acreage amounted to (%11) , (%17) and  (%33). respectively. Finally, 
the study reached to a number of conclusions and proposals that serve both the development of cucumber production 
and future related studies. 
Keyword: Estimation and Analysis, Cucumber Production, Greenhouse, Erbil. 




